Gaussian process (GP) covariance function is proposed as a matching tool in GPMatch within a full Bayesian framework under relatively weaker causal assumptions. The matching is accomplished by utilizing GP prior covariance function to define matching distance. We show that GPMatch provides a doubly robust estimate of the averaged treatment effect (ATE) much like the G-estimation, the ATE is correctly estimated when either conditions are satisfied: 1) the GP mean function correctly specifies potential outcome Y (0) ; or 2) the GP covariance function correctly specifies matching structure. Simulation studies were carried out without assuming any known matching structure nor functional form of the outcomes. The results demonstrate that GPMatch enjoys well calibrated frequentist properties, and outperforms many widely used methods including Bayesian Additive Regression Trees. The case study compares effectiveness of early aggressive use of biological medication in treating children with newly diagnosed Juvenile Idiopathic Arthritis, using data extracted from electronic medical records.
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| INTRODUCTION
Data from nonrandomized experiments, such as registry and electronic records, are becoming indispensable sources for answering causal inference questions in health, social, political, economics and many other disciplines. Under the assumptions of no unmeasured confounders, ignorable treatment assignment, and distinct model parameters governing the science and treatment assignment mechanisms, Rubin (1978) suggested Bayesian approach to the estimation of causal treatment effect can be accomplished by directly modeling the outcomes, treating it as a missing potential outcome problem. Direct modeling is able to utilize the many Bayesian regression modeling techniques to address complex data type and data structures, such as examples in Hirano et al. (2000) , Zajonc (2012) , Imbens and Rubin (1997) and Baccini et al. (2017) .
Parameter rich Bayesian modeling techniques are particularly appealing as it does not presume an known functional form, thus may help mitigate potential model miss-specification issues. Hill (2011) suggested Bayesian additive regression tree (BART) can be used for causal inference, and showed it produced more accurate estimates of average treatment effects compared to propensity score matching, inverse propensity weighted estimators, and regression adjustment in the nonlinear setting, and performed as well under the linear setting. Others have used Gaussian Process in conjunction with Dirichlet Process priors, e.g. Roy et al. (2016) and Xu et al. (2016) . Roy et al. (2017) devised enriched Dirichlet Process priors tackling missing covariate issues. However, naive use of regression techniques could lead to substantial bias in estimating causal effect as demostrated in Hahn et al. (2018a) .
The search for ways of incorporating propensity of treatment selection into the Bayesian causal inference has been long standing. Including propensity score (PS) as a covariate into the outcome model may be a natural way. However, joint modeling of outcome and treatment selection models leads to a "feedback" issue, and a two-stage approach was suggested by McCandless et al. (2010) , Zigler et al. (2013) and many others. Discussion about whether the uncertainty of the first step propensity score modeling should be taken into account when obtaining the final result in the second step can be found in Hill and Reiter (2006) , Ho et al. (2007) , Rubin and Stuart (2006) , Rubin and Thomas (1996) for details. Saarela et al. (2016) proposed an approximate Bayesian approach incorporating inverse probability treatment assignment probabilities as importance-sampling weights in Monte Carlo integration. It offers a Bayesian version to the augmented inverse probability treatment weighting (AIPTW). suggested incorporating estimated treatment propensity into the regression to explicitly induce covariate dependent prior in regression model. These methods all require a separate step of treatment propensity modeling, thus may suffer if the propensity model is mis-specified.
Matching is one of the most sought-after method used for designing observational study to answer causal questions.
Matching experimental units on their pre-treatment assignment characteristics helps to remove the bias by ensuring the similarity or balance between the experimental units of the two treatment groups. Matching methods impute the missing potential outcome with the value from the nearest match or the weighted average of the values within the nearby neighborhood defined by (a chosen value) caliper. Matching on multiple covariates could be challenging when the dimension of the covariates are large. For this reason, matching is often performed using the estimated propensity score (PS) or by the Manhalanobis distance (MD). The idea is, under the no unmeasured confounder setting, matching induces balance between the treated and untreated groups. Therefore, it serves to transform a nonrandomized study into a pseudo randomized study. There are many different matching techniques, a comprehensive review is provided in Stuart (2010) . A recent study by King and Nielsen (Forthcoming) compared the PS matching with the MD matching and suggests that PS matching can result more biased and less accurate estimate of averaged causal treatment as the precision of matching improves, while the MD matching is showing improved accuracy. Common to matching methods, the data points without a match are discarded. Such a practice may lead to a sample no longer representative of the target population. A user-specified caliper is often required, but different calipers could lead to very different results.
Furthermore, matching on a miss-specified PS could lead to invalid causal inference results. Rubin (1973) suggested that the combination of matching and regression is a better approach than using either of them alone. Ho et al. (2007) advocated matching as nonparametric preprocessing for reducing dependence on parametric modeling assumptions. Gutman and Rubin (2017) examined different strategies of combining the preprocessed matching with a regression modeling of the outcome through extensive simulation studies. They demonstrated that some commonly used causal inference methods have poor operating characteristics, and considered ways to correct for variance estimate for causal treatment effect obtained from regression modeling after preprocessed matching. To our knowledge, no existing method can accomplish matching and regression modeling in a single step.
Gaussian process (GP) prior has been widely used to describe biological, social, financial and physical phenomena, due to its ability to model highly complex dynamic system and its many desirable mathematical properties. Recent literature, e.g. Choi and Woo (2013) and Choi and Schervish (2007) , has established posterior consistency for Bayesian partially linear GP regression models. Bayesian modeling with GP prior can be viewed as a marginal structural model where the potential outcome under the no treatment condition is modeled parametrically. It allows for predicting the missing response by a weighted sum of observed data, with larger weights assigned to those in closer proximity but smaller to those further away, much like a matching procedure. This motivated us to consider using GP prior covariance function as a matching tool for Bayesian causal inference.
The idea of utilizing GP prior in Bayesian approach to causal inference is not new. Examples can be found in Roy et al. (2016) for addressing heterogeneous treatment effect, in Xu et al. (2016) for handling dynamic treatment assignment, and in Roy et al. (2017) for tackling missing data. While these studies demostrated GP prior could be used to achieve flexible modeling and tackle complex setting, no one has considered GP as a matching tool. This study adds to the literature in several ways. First, we offer a principled approach to Bayesian causal inference utilizing GP prior covariance function as a matching tool, which accomplishes matching and flexible outcome modeling in a single step. Second, we provide relaxed causal assumptions than the widely adopted assumptions from the landmark paper by Rosenbaum and Rubin (1983) . By admitting additional random noise in outcome measure and in the treatment effect, these new assumptions fit more naturally within Bayesian framework. Under these weaker causal assumptions, GPMatch method offers a doubly robust approach in the sense that the averaged causal treatment effect is correctly estimated when either one of the conditions are met : 1) when the mean function correctly specifies the Y (0) ; or 2) the covariance function matrix correctly specifies the matching structure. At last, the proposed method has been implemented in an easy-to-use publicly available on-line application (https://pcats.research.cchmc.org/).
The rest of the presentation is organized as follows. Section 2 describes methods, where we present problem setup, causal assumptions, and the model specifications. The utility of GP covariance function as a matching tool is presented in Section 3, followed by discussions of its doubly robustness property. Simulation studies are presented in Section 4. Simulations are designed to represent the real world setting where the true functional form is unknown, including the well-known simulation design suggested by Kang and Schafer (2007) . We compared the GPMatch approach with some commonly used causal inference methods, i.e. linear regression with PS adjustment, AIPTW, and BART, without assuming any knowledge of the true data generating models. The results demonstrate that the GPMatch enjoys well calibrated frequentist properties, and outperforms many widely used methods under the dual miss-specification setting.
Section 5 presents a case study, examining the comparative effectiveness of an early aggressive use of biological medication in treating children with recent diagnosed juvenile idiopathic arthritis (JIA). Section 6 presents summary, discussions and future directions.
| METHOD

| Notations and Parameters of Interests
We introduce the method by considering a simple yet commonly adopted problem setting, i.e. a single-time-assignment binary treatment and a fixed-time-point outcome measure. No post-treatment confounding exists. The more complex type of treatment, such multilevel or continuous treatment, multivariate outcomes, as well as the considerations of post-treatment factors, could be generalized without much difficulty. Let the treatment assignment A i = 1/0, denotes the i t h individual is assigned to the experimental/control treatment, where the corresponding potential outcomes
). Since an individual could receive only one treatment at a given time, one of the potential outcomes is
is missing. Let Y i denotes the observed outcomes, X i the p-dimensional prognostic variable, i.e. baseline covariates that are determinants of the potential outcomes, and V i the q-dimensional baseline standardized confounders, which are the pre-treatment covariates related to the treatment assignment. The X i and V i could be overlapping. In this study, we assume all prognostic variables X i and confounding variables V i are observed, and that the potential outcomes are uniquely determined by the underlying science mechanisms :
In other words, given the prognostic variables X i and confounding variables V i , such as a patient characteristics, such as age, gender, race, genetic make up, disease status, environmental exposures, past treatment histories, then the potential outcomes for this given patient are known if we could possess the knowledge of science mechanisms f (a) (·).
Subsequently, the treatment effect f (1) (·) − f (0) (·) is also available. Thus, our goal is to uncover the science mechanisms.
Let the treatment assignment mechanism be A i ∼ Ber (π(v i )), where the true propensity of treatment assignment π(·) is usually not known in the observational studies. Under the given treatment assignment, the observed outcome may be measured with error, thus is a noisy version of the corresponding potential outcomes,
where E ( i ) = 0. In other words, the observed outcome for the i t h individual, under the assigned treatment A i has
A i . Thus, the observed outcome for the i t h individual is a realization of the joint actions between the science mechanisms and the treatment assignment.
The parameters of interests are individual level and group level causal treatment effect, as well as the science mechanisms (f (0) , f (1) ). The individual level causal treatment effect τ(x i ) may differs by some known individual characteristics, such as age, gender, race, disease subtypes, or genotype. The population level average causal treatment effect,
, is another causal parameter of interests from the policy and community prospective. Because the sampling mechanism of the larger population is not generally available, the PATE cannot be estimated usually. Therefore, sample averaged treatment effect, SATE= 1 n i τ(x i ) is commonly used. While the method could be used for estimating heterogeneous treatment effect, here, we focus on estimating the SATE, which we will simply refer as ATE in the rest of the presentation.
| The Causal Assumptions
We allow for a version of relaxed causal assumptions than the widely adopted version from the landmark paper by Rosenbaum and Rubin (1983) 
CA1. Stable Unit Treatment Value Expectation Assumption (SUTVEA). This is a relaxed version to the widely adopted stable unit treatment value assumption (SUTVA). Like SUTVA, it also contains two components.
(i)
The consistency assumption of RR requires the observed outcome is an exact copy of the potential outcome,
A i . Instead, we consider the observed outcome is a noisy version of the potential outcome where expectation of the observed outcome
(ii) The no interference assumption of RR requires the potential outcomes of one experiment unit is not influenced by the potential outcomes of another experiment unit, i.e. Y CA3. Positivity Assumption. This is the same assumption as in RR, it requires every sample unit has nonzero probability of being assigned into either one of the treatment arms, i.e. 0 < P r (A i |V i ) < 1.
The SUTVEA assumption represents a somewhat weaker assumption than SUTVA. It acknowledges existence of residual random error in the outcome measure. The observed outcomes may differ from the corresponding true potential outcomes due to some measurement errors. In addition, the observed outcomes could differ when treatment received deviates from its intended version of treatment. For example, outcomes could differ by the timing of the treatment, pre-surgery preparation procedure or the concomitant medication. In addition, we consider the potential outcomes from different experimental units may be correlated, where the correlations are determined by the covariates. Under the no unmeasured confounders assumption, we may model the correlation between two potential outcomes. Since only one outcome could be observed out of all potential outcomes, the causal inference presents a highly structured missing data setup where the correlations between (Y 
| Model Specifications
Marginal structural model (MSM) is a widely adopted modeling approach to causal inference, which serves as a natural framework for Bayesian causal inference. The MSM specifies
Without prior knowledge about the true functional form, we let
, where the mean function µ f maybe modeled by a parametric regression equation, and K defines the covariance function of the GP prior. Specifically, GPMatch is proposed as a partially linear Gaussian process regression fitting to the observed outcomes,
where
Here, we may let µ f = ((1, X i β) n×1 , where β is a (1 + p) dimension parameter vector of regression coefficients for the mean function. This is to allow for implementing any existing knowledge about the prognostic determinants to the outcome. Also, let τ = ((1, X i ) α) n×1 to allow for potential heterogeneous treatment effect, where α is a (1 + p) dimension parameter vector of regression coefficients for the treatment effect. (2) can be re-expressed in a multivariate representation
The δ i j is the Kronecker function, δ i j = 1 if i = j , and 0 otherwise.
Gaussian process can be considered as distribution over function. The covariance function K, where k i j = C ov (η i , η j ), plays a critical role in GP regression. It can be used to reflect the prior belief about the functional form, determining its shape and degree of smoothness. In the next section, we show for the data comes from an experimental design where the matching structure is known, GP covariance could be formulated to reflect the matching structure.
Often, the exact matching structure is not available, a natural choice for the GP prior covariance function K is the squared-exponential (SE) function, where
for i , j = 1, ..., n. The (φ 1 , φ 2 , ..., φ q ) are the length scale parameters for each of the covariates V .
There are several considerations in choosing the SE covariance function. The GP regression with SE covariance can be considered as a Bayesian linear regression model with infinite basis functions, which is able to fit a smoothed response surface. Because of the GP's ability to choose the length-scale and covariance parameters using the training data, unlike other flexible models such as splines or the supporting vector machine (SVM), GP regression does not require cross-validation (Rasmussen et al. (2006) ). Moreover, SE covariance function provides a distance metric that is similar to Mahalanobis distance, thus it could be served as a matching tool .
The model specification is completed by specification of the rest of priors.
We set ω = 10 6 , a φ = b φ = 1, a 0 = a f = 2, b 0 = b f = σ 2 l m /2, σ 2 l m is the estimated variance from a simple linear regression model of Y on A and X for computational efficiency.
The posterior of the parameters can be obtained by implementing a Gibbs sampling algorithm: first sample the covariate function parameters from its posterior distribution[Σ |D at a, α, β]; then sample the regression coefficient parameter associated with the mean function from its conditional posterior distribution [α, β |D at a, Σ], which is a multivariate normal distribution. The individual level treatment effect can be estimated byτ(x i ) = (1, X i ) α and the averaged treatment effect is estimated byÂT E =
n .
| ESTIMATE ATE: RELATIONSHIP WITH MATCHING AND G-ESTIMATION
| Design the GP Covariance Function as a Matching Tool
To demonstrate the utility of the GP covariance function as a matching tool, let us first first consider design a covariance function for the known matching data structure . In other words, we assume for any given sample unit, we know who are the matching units. For simplicity, us consider fitting the data with a simple nonparametric version of the GPMatch,
With known matching structure, the GP covariance function may present the matching structure by letting K = (k i j ) n×n , where k i j = 1 indicates that the pair is completely matched, and k i j = 0 if unmatched. A common setting of the matched data can be divided into several blocks of subsample within which the matched data points are grouped
together. Subsequently, we may rewrite the covariance function of the nonparametric GP model (5) as a block diagonal matrix where the l t h block matrix takes the form
where σ 2 = 1 + σ 2 0 , ρ = 1/σ 2 and J n l denotes the matrix of ones. The parameter estimates of the regression parameters can be derived by
It follows that the estimated average treatment effect is,
Applying the Woodbury, Sherman & Morrison formula, we see Σ −1 is a block diagonal matrix of
LetȲ l (a) denote the sample mean of outcome and n l (a) number of observations for the control (a = 0) and treatment group (a = 1) within the l t h subclass, l = 1, 2, ..., L. The treatment effect can be expressed as a weighted sum of two
and the summations are over l = 1, ..., L. To gain better insight into this estimator, it should help to consider two special matching cases.
The first example is a matched twin experiment, where for each treated unit there is a untreated twin. Here, we
Substitute them into the treatment effect formula derived above, we have the same 1:1 matching estimator of treatment
The second example is a stratified randomized experiment, where the true propensity of treatment assignment is known. Suppose the strata are equal sized, Σ is a block diagonal matrix of I L ⊗ J n + σ 0 I n , where L is total number of strata, the total sample size is N = Ln. It is straight forward to derive
. Where the weight
is a function of sample sizes and σ 2 0 . We can see when σ 2 0 → 0, then λ → 1, τ →τ 1 . That is when the outcomes are measured without error, the treatment effect is a weighted average ofȲ l (1) −Ȳ l (0) , i.e. the group mean difference for each strata. As σ 2 0 increase, λ decrease, then the estimate of τ puts more weights onτ 0 . In other words, GP estimate of treatment is a shrinkage estimator, where it shrinks the strata level treatment effect more towards the overall sample mean difference when outcome variance is larger.
More generally, instead of 0/1 match, the sample units may be matched in various degrees. By letting the covariance function takes a squared-exponential form, it offers a way to specify a distance matching, which closely resembles Mahalanobis distance matching. For a pair of "matched" individuals, i.e. sample units with the same set of confounding
In other words, the "matched" individuals are expected to be exchangeable. As the data points move further apart in the covariate space of Ω v , their correlation becomes smaller. When the distant is far part sufficiently, the model specifies
length scale parameters are used to allow for some confounder playing more important roles than others in matching.
By manipulating the values of v i and the corresponding length scale parameter, one could formulate the SE covariance matrix to reflect the known 0/1 or various degree of matching structure. However, the matching structure is usually unknown, and was left to be estimated in the GPMatch model informed by the observed data.
| Doubly Robust Estimator of ATE
Theorem 1 Let the true treatment effect be τ * , the GPMatch estimator is an unbiased estimate of the average treatment effect, i.e. E (τ i ) = τ * , for i = 1, ...n, when either one of the condition is true: i) the GP mean function is correctly specified, i.e.
; and ii) the GP covariance function is correctly specified, in the sense that, from the weight-space point of view of GP regression, the weighted sum of treatment assignmentÃ i correctly specifies the true treatment propensity π i = P r (A i = 1).
Proof It is relatively straight forward for the first part. From the GPMatch model (3) Y n ∼ MV N (Z γ, Σ), when the linear regression model fits the potential outcome correctly, i.e. E (Z iγ ) = Y (0) i , then Σ degenerate to a diagonal matrix, suggesting all units are exchangeable. It follows E (τ) = τ * , the treatment effect is correctly estimated.
The second part proceeds as the following. From the weight-space point of view, the GPMatch model predicts the potential outcomes using a weighted sum of the observed outcomes,
. Thus, theỸ i andÃ i could be considered as the Nadaraya-Watson estimator of the observed outcomes and treatment assignment for each of the i-th unit in the sample. The estimate of treatment effect could be obtained by solving
We can see that, given a known GP covariance function, the GPMatch treatment effectτ is an M-estimator that satisfies Ψ i (τ) = 0, where
Let the true propensity be π i = P r (A i ), given the SUTVEA, we have
Thus, the GPMatch estimator is an M-estimator of ATE, where the estimating function is conditionally unbiased, i.e. E (Ψ i (τ * )) = 0, for i = 1, ...n,, when the GP covariance function is correctly specified in the
Remark There are several remarks worth noting. First, the equation (7) is the empirical correlation of the residuals from the outcome model and the residuals from the propensity of treatment assignment. Thus, GPMatch method attempts to induce independence between the treatment selection process and the outcome modeling, just as the G-estimation equation suggested in Robins et al. (2000) and later in Vansteelandt et al. (2014) . Unlike the moment based G-estimator, which requires fitting of two separate models for the outcome and propensity score, the GPMatch approach estimates covariance parameters the same time as it estimates the treatment and mean function parameters.
All within a full Bayesian likelihood framework.
Second, some data points may have treatment propensity close to 0 or 1. Those data usually are a cause of concern in causal inference. In the naive regression type of model such as BART, it may cause unstable estimation without added regularization. In the IPTW type of method, a few data points may put undue influence over the estimation of treatment effect. In matching methods, these data points often are discarded. Such practice could lead to sample no longer representative of the target population. Like the G-estimation, in the equation (7), these data points contribute very little or no information to the GPMatch estimation of treatment effect. Thus GPMatch share the same added robustness as the G-estimation.
At last, the GPMatch model with a parametric mean function will be predicting the potential outcomes, for any new unit, byŶ i = Z iγ + Σ i Σ −1 (Y n − Z γ), where Σ i denotes the i-th row of Σ. Given the model setup, two regression surfaces are predicted, where the distance between the two regression surfaces represents the treatment effect. By including the treatment by covariate interactions, the model could offer conditional treatment effect as a function of the patient characteristics. Although the model specifications presented in section 2.3 suggest using a parametric linear regression equation for modeling the treatment effect τ(x i ), it is always difficult to know if any higher order terms should be included in the model. One may consider introducing a few fixed basis functions instead, estimation of the regression coefficients could inform existence of any nonlinear or heterogeneous treatment effect.
| SIMULATION STUDIES
To empirically evaluate the performances of GPMatch in a real world setting where neither matching structure or functional form of the outcome model are known, we conducted three sets of simulation studies to evaluate the performances of the GPMatch approach to causal inference. The first set evaluated frequentist performance of GPMatch. The second set compared the performance of GPMatch against MD match, and the last set utilized the widely used Kang and Schafer design, comparing the performance of GPMatch against some commonly used methods.
In all simulation studies, the GPMatch approach used squared exponential covariate function, including only 
| Well Calibrated Frequentist Performances
Let the single covariate x ∼ N (0, 1). The potential outcome was generated by y (a) = e x +(1+U )×a +U 0 for a = 0, 1, where the true treatment effect was 1 + U i for the i-th individual unit. The (U , U 0 ) are unobserved covariates. The treatment was selected for each individual following l og i t (P (A = 1|X )) = −0.2 + (1.8X ) 1/3 . The observed outcome was generated by y |x, a ∼ N (y (a) , σ 2 0 ). Two parameter settings were considered. First, we set {U i = 0, U 0i ∼ N (0, 0.25), σ 2 0 = 0.75}, i.e. all individual units had the same uniform treatment effect of 1, and outcomes were observed with measurement error. Second, we set {U i ∼ N (0, 0.15), U 0 ∼ N (0, 1), σ 2 0 = 0}, i.e. the treatment effect varied from individual unit to unit, but the averaged treatment effect remained at 1.
The simulation results were summarized in the histogram of the posterior mean over the 100 replicates across three sample sizes in Figure 1 . Table 1 
Method
Sample Size RMSE MAE Bias Rc SE av g SE emp 
| Compared to Manhalanobis Distance Matching
To compare the performances between the MD matching and GPMatch, we considered a simulation study with two independent covariates x 1 , x 2 from the uniform distribution U (−2, 2), treatment was assigned by letting
The potential outcomes were generated by
The true treatment effect is 5. Three different sample sizes were considered N= 100, 200 and 400. For each setting, 100 replicates were performed and the results were summarized.
We estimated ATE by applying Mahalanobis distance matching and GPMatch. The MD matching considered caliper varied from 0.125 to 1 with step size 0.025, including both X 1 and X 2 in the matching using the function Match in R package Matching by Sekhon (2007) . The averaged bias and its 95%-tile and 5%-tile were presented as vertical lines corresponding to different calipers in Figure 2 . To be directly comparable to the matching approach, the GPMatch estimated the ATE by including treatment effect only in modeling the mean function, both X 1 and X 2 were considered in the covariance function modeling. The posterior results were generated with 5,000 MCMC sample after 5,000 burn-in.
Its averaged bias (short dashed horizontal line) and 5% and 95%-tiles of the ATE estimate (long dashed horizontal lines) were presented on the Figure 2 for each the sample sizes. Also presented in the Figure were the bias, median absolute error (MAE), root mean square error (RMSE), and rate of coverage rate (Rc) summarized over 100 replicates of GPMatch. The bias from the matching method increases with caliper; the width of interval estimate varies by sample size and caliper. It reduces with increased caliper for the sample size of 100, but increases with increased caliper for sample size of 400. In contrast, GPMatch produced a much more accurate and efficient estimate of ATE for all sample sizes, with unbiased ATE estimate and nominal coverage rate. The 5% and 95%-tiles of ATE estimates are always smaller than those from the matching methods for all settings considered, suggesting better efficiency of GPMatch.
| Performance under Dual Misspecification
Following the well-known simulation design suggested by Kang and Schafer (2007) , covariates z 1 , z 2 , z 3 , z 4 were independently generated from the standard normal distribution N (0, 1). Treatment was assigned by
where l og i t π i = −z i 1 + 0.5z i 2 − 0.25z i 3 − 0.1z i 4 .
The potential outcomes were generated for a = 0, 1 by y (a) i = 210 + 5a + 27.4z i 1 + 13.7z i 2 + 13.7z i 3 + 13.7z i 4 ,
The true treatment effect is 5. To assess the performances of the methods under the dual miss-specifications, the transformed covariates x 1 = ex p(z 1 /2), x 2 = z 2 /(1 + ex p(z 1 )) + 10, x 3 = Two GPMatch models were considered: GPMatch1 modeled the treatment effect only and GPMatch2 modeled all four covariates X 1 − X 4 in the mean function model. Both included X 1 − X 4 with four distinct length scale parameters.
The PS was estimated using two approaches including the logistic regression model on X 1 − X 4 and the covariate balancing propensity score method (CBPS, Imai and Ratkovic (2014) ) applied to X 1 − X 4 . The results corresponding to both versions of PS were presented. Summaries over all replicates were presented in Table 2 , and the RMSE and the MAE were plotted in Figure 3 , for all methods considered. As a comparison, the gold standard which uses the true outcome generating model of Y ∼ Z 1 − Z 4 was also presented. Both GPMatch1 and GPMatch2 clearly outperforms all the other causal inference methods in terms of bias, RMSE, MAE, Rc, and the S E av e is closely matched to S E emp .
The ATE and the corresponding SE estimates improve quickly as sample size increases for GPMatch. In contrast, the QNT_PS, AIPT, LM_PS and LM_sp(PS) methods show little improvement over increased sample size, so is the simple LM. Improvements in the performance of GPMatch over existing methods are clearly evident, with more than 5 times accuracy in RMSE and MAE compared to all the other methods except for BART. Even compared to the BART results, the improvement in MAE is nearly twice for GPMatch2, and about 1.5 times for the GPMatch1. Similar results are evident in RMSE and averaged bias. The lower than nominal coverage rate is mainly driven by the remaining bias, which quickly reduces as sample size increases. Additional results are presented in Figure S3 . a Propensity score estimated using logistic regression on X 1 − X 4 .
b Propensity score estimated using CBPS on X 1 − X 4 . RMSE = root mean square error; MAE = median absolute error; Bias = Estimate-True; Rc = Rate of coverage by the 95% interval estimate; S E av g = average of standard error estimate from all replicate; S E emp = standard error of ATE estimates from all replicate;
GPMatch1-2: Bayesian structural model with Gaussian process prior. GPMatch1 including only treatment effect, and GPMatch2 including both treatment effect and X 1 − X 4 in the mean function; both including X 1 − X 4 in the covariance function.
QNT_PS: Propensity score sub-classification by quintiles.
AIPTW: augmented inversed probability of treatment weighting;
LM: linear regression modeling Y ∼ X 1 − X 4 ; LM_PS: linear regression modeling with propensity score adjustment.
LM_sp(PS): linear regression modeling with spline fit propensity score adjustment.
BART: Bayesian additive regression tree.
| A CASE STUDY
JIA is a chronic inflammatory disease, the most common autoimmune disease affecting the musculoskeletal organ system, and a major cause of childhood disability. The disease is relatively rare, with an estimated incidence rate of 12 per 100,000 child-year (Harrold et al. (2013) ). There are many treatment options. Currently, the two common approaches are the non-biologic disease modifying anti-rheumatic drugs (DMARDs) and the biologic DMARDs. Limited clinical evidence suggest that early aggressive use of biologic DMARDs may be more effective (Wallace et al. (2014) ).
Utilizing data collected from a completed prospectively followed up inception cohort research study (Seid et al. (2014) ), a retrospective chart review collected medication prescription records for study participants captured in the electronic health record system. This comparative study is aimed at understanding whether therapy using early aggressive combination of non-biologic and biologic DMARDs is more effective than the more commonly adopted non-biologic with a newly diagnosed disease. The results of ATE estimates by GPMatch, naive two group comparison and other existing causal inference methods are presented in Table 3 . The LM, LM_PS, LM_sp(PS) and AIPTW include the same five covariates in the model along with the treatment indicator. BART used the treatment indicator and those covariates.
While all results suggested effectiveness of an early aggressive use of biological DMARD, the naive, PS sub-classificiton y quintiles, and AIPTW suggested a much smaller ATE effect. The BART and PS adjusted linear regression produced results that were closer to the GPMatch results suggesting 2 or 3 points reduction in the JADAS score if treated by the early aggressive combination DMARDs therapy. None of the results were statistically significant at the 2-sided 0.05 level.
The primary outcome is the Juvenile Arthritis Disease Activity Score (JADAS) after 6 months of treatment, a disease severity score calculated as the sum of four core clinical measures: physician's global assessment of disease activity (0-10), patient's self-assessment of overall wellbeing (0-10), erythrocyte sedimentation rate (ESR, standardized to 0-10), and number of active joint counts (AJC, truncated to 0-10). It ranges from 0 to 40, with 0 indicating no disease activity. Out of the 75 patients receiving either non-biological or the early combination of biological and non-biological DMARDs at baseline, 52 patients were treated by the non-biologic DMARDs and 23 were treated by the early aggressive combination DMARDs. The patients with longer disease duration, positive rheumatoid factor (RF) presence, higher pain visual analog scale (VAS) and lower baseline functional ability as measured by the childhood health assessment questionnaire (CHAQ), higher lost range of motion (LROM) and JADAS score are more likely to receive the biologic DMARDs prescription. The propensity score was derived using the CBPS method applied to the 11 pre-determined important baseline confounders. The derived PS were able to achieve a desired covariate balance within the 0.2 absolute standardized mean difference (Figure 4) , and comparable distributions in important confounders (Fig. S4) .
TA B L E 4 Results of Case Study ATE Estimates with Matching Method in Case Study
We also applied the covariate matching method to the same dataset based on the same five baseline covariates. Table 4 presents the results from using different caliper. As expected, as calipers narrow, the number of observations being discarded increases. Since only 10 patients had RF positive, thus, when the calipers were set to 1 or smaller, we cannot matching on RF positive anymore. Thus, for calipers smaller than 1, all subjects with positive RF were being excluded. When calipers were set at 0.5, about 50% observations were discarded. When the calipers were set at 0.2, 62 out of 73 observations were discarded, rendering the results obtained from 11 observations only! The estimate of ATE was sensitive to the choices of calipers, ranged from -6.59 to -3.12, making it difficult to interpret the study results.
| CONCLUSIONS AND DISCUSSIONS
Bayesian approaches to causal inference commonly consider it as a missing data problem. However, as suggested in Ding and Li (2018) , the causal inference presents additional challenges that are unique in itself than the missing data alone. Approaches not carefully address these unique challenges are vulnerable to model mis-specifications and could lead to seriously biased results. When not considering the treatment-by-indication confounding, naive regression approaches could suffer from "regularity induced bias" (Hahn et al. (2018a) ). Because no more than one potential outcome could be observed for a given individual unit, the correlation of (Y
) is not directly identifiable, leading to "inferential quandary" as suggested in Dawid (2000) . Extensive simulations presented in Kang and Schafer (2007) ; Gutman and Rubin (2017) ; Hahn et al. (2018b) suggested poor operational characteristics observed in many widely adopted causal inference methods.
The proposed GPMatch method offers a full Bayesian causal inference approach that can effectively address the unique challenges inherent in causal inference. First, utilizing GP prior covariance function to model covariance of observed data, GPMatch could estimate the missing potential outcomes much like the matching method. Yet, it avoids pitfalls of many matching methods. No data is discarded, and no arbitrary caliper is required. Instead, the model allows the data to speak by itself via estimating length scale and variance parameters. The SE covariance function of GP prior offers an alternative distance metric, which closely resembles Mahalanobis distance. It matches data points by the degree of matching proportional to the SE distance, without requiring specification of caliper. For this reason, the GPMatch could utilize data information better than matching procedure. Different length scale parameters are considered for different covariates used in defining SE covariance function. This allows the data to select the most important covariates to be matched on, and acknowledge some variable is more important than others. While the idea of using GP prior for Bayesian causal inference is not new. Utilizing GP covariance function as a matching device is a unique contribution of this study. The matching utility of GP covaraince function is presented analytically by considering a setting when matching structure is known. We show that GPMatch enjoys doubly robust properties, in the sense that it correctly estimate the averaged treatment effect when either one of the conditions is true: 1) the mean function of the GPMatch correctly specifies the prognostic function of the potential outcome Y (0) ; and 2) the GP prior covariance function correctly specifies matching structure. We show that GPMatch estimates the treatment effect by inducing independence between two residuals: the residual from treatment propensity estimate and the residual from the outcome estimate, much like the G-estimation method. Unlike the two-staged G-estimation, the estimations of the parameters in covariance function and the mean function for the GPMatch are performed simultaneously. Therefor, GPMatch regression approach can integrate the benefits of the regression model and matching method and offers a natural way for Bayesian causal inference to address challenges unique to the causal inference problems. The robust and efficient proprieties of GPMatch are well supported by the simulation results designed to reflect the most realistic settings, i.e. no knowledge of matching or functional form of outcome model is available.
The validity of the causal inference by GPMatch approach rests on three causal assumptions. In particular, we propose SUTVEA as a weak causal assumption than SUTVA. SUTVEA suggests that the potential outcomes and their difference are random variables. It can be considered as a version of the stochastic consistency advocated by Cole and Frangakis (2009) and VanderWeele (2009) . The SUTVEA is proposed to reflect more realistic setting that outcome could be measured with error, and the treatment received by different individuals may vary, even though the treatment prescribed is identical. Despite the fact that Rubin (1978) has pointed out such treatment variations, no approach to our knowledge has explicitly acknowledged it as such. Rather, most of the methods consider the treatment from the real world as having the exactly same meaning as those from the randomized and strictly controlled experiments. Acknowledging existence of random error in outcome measures, the GPMatch method is more capable of defending against potential model misspecification in the challenging real world setting. Like others, the no unmeasured confounder is also required. Because no one has more than one potential outcome observed in the real world, the assumptions remain untestable. However, our SUTVEA implies the correlations among the potential outcomes have an inherent structure, which could be modeled when all confounders are observed. Therefore, potential outcomes from different individuals could be correlated. The correlation is null only when conditional on confounders. This new causal assumption allows for a direct and explicit way of describing the underlying data generating mechanisms, which may help relieve the "inferential quandary". By explicitly modeling the mean and covariance functions, the GPMatch can be considered as an extension of the widely adopted marginal structural mean model.
Full Bayesian modeling approach is particularly useful in comparative effectiveness research. It offers a coherent and flexible framework for incorporating prior knowledge and synthesizing information from different sources. As a full Bayesian causal inference model, the GPMatch offers a very flexible and general approach to address more complex data types and structures natural to many causal inference problem settings. It can be directly extended to consider multilevel or cluster data structure, and to accommodate complex type of treatment such as multiple level treatment, continuous or composite type of treatment. The model could be extend to time-varying treatment setting without much difficulty by following the g-formula framework. The post-treatment confounding can be addressed by incorporate the confounding variables into the modeling of mean function. We are already implementing these extensions in an ongoing case study. Although we focused on presenting GPMatch for estimating the average treatment effect in this study, it can be readily used for modeling treatment effect as a function of pre-specified treatment modifying factors. Sivaganesan et al. (2017) suggested a Bayesian decision theory based approach for identifying subgroup treatment effect in a randomized trial setting. With GPMatch, the same idea could be applied to identify subgroup treatment analyzing real world data. Studies are ongoing to evaluate its performances for estimating heterogeneous treatment effect. The GP regression has been extended to general types of outcomes including binary and count data (Rasmussen (2004) ). Future studies may further investigate its performance under the general types of outcome and data structures.
Our simulation focused on comparing with the commonly used causal inference method. Future studies may consider comparisons of our method with other advanced Bayesian methods such as those proposed by Roy et al. (2017) and Saarela et al. (2016) , as well as other advanced non-Bayesian approaches like Targeted MLE (Van Der Laan and Rubin (2006)). At last, while our discussion has been focused on estimation averaged treatment effect of the sample (ATE), the approach is directly applicable to estimation of averaged treatment effect in treated (ATT) and averaged treatment effect in control (ATC).
The GP regression is a very flexible modeling technique, but it is computationally expensive. The time cost associated with GP regression increases at n 3 rate, thus it can be challenging with large sample sizes. The Bayesian Gibbs Sampling algorithm we have used makes it even more demanding in computational resources. Some literature has offered solutions by applying GP to large data, such as Banerjee et al. (2008) . Alternatively, one may consider using Bayesian Kernel regression as an approximation. Further studies are needed to improve the computational efficiency and to consider variable selection. It is well known the length scale parameter is hard to estimate. Researchers derived different kinds of priors for GP, for example the objective prior in Berger et al. (2001) , Kazianka and Pilz (2012) , and Ren et al. (2013) . Gelfand et al. (2005) suggested using uniform prior for the inverse of the scale parameter in a spatial analysis, but we found that using a prior with preference to smooth surface was more suitable for our purpose. Researchers could also blend their knowledge in the prior to obtain a more efficient estimate. Here we considered squared exponential covariance function but different covariance function such as Matérn could also be considered. Simple block compound symmetry with one correlation coefficient parameter could be used as an alternative covariance matrix. Such blocked covariance set up could be useful particularly for a large sample size and where the data has a reasonable clustering structure, such as in the case of a multi-site study. Future study will explore along this direction. 
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F I G U R E 3
The RMSE and MAE of ATE Estimates using Different Methods under the Kang and Shafer Simulation Study Setting. GPMatch1-2: Bayesian structural model with Gaussian Process prior. GPMatch1 including only treatment effect, and GPMatch2 including both treatment effect and X 1 − X 4 in the mean function; and X 1 − X 4 are included in the covariance function. QNT_PS: Propensity score sub-classification by quintiles. AIPTW: augmented inverse probability of treatment weighting; LM: linear regression modeling Y ∼ X 1 − X 4 ; LM_PS: linear regression modeling with propensity score adjustment. LM_sp(PS): linear regression modeling with spline fit propensity score adjustment 
S U P P L E M E N TA L TA B L E S A N D F I G U R E S T O "GPM AT C H : A B AY E S I A N D O U B LY RO B U S T A P P R O A C H T O C A U S A L I N F E R E N C E W I T H G A U S S I A N P R O C E S S C O VA R I A N C E F U N C T I O N A S A M AT C H I N G TO O L"
TA B L E S 1 Results of ATE Estimates from the Single Covariate Simulation Study Setting 1a: S E av g = average of standard error estimate from all replicate; S E emp = standard error of ATE estimates from all replicate;
GPMatch: Bayesian structural model with Gaussian process prior, only treatment effect is included in the mean function; covariance function includes X . 1 Propensity score estimated using logistic regression on l og i t A ∼ X . 2 Propensity score estimated using logistic regression on l og i t A ∼ X 1/3 . GPMatch: Bayesian structural model with Gaussian process prior. QNT_PS: Propensity score sub-classification by quintiles. AIPTW: augmented inversed probability of treatment weighting; LM: linear regression modeling Y ∼ X ; LM_PS: linear regression modeling with propensity score adjustment. LM_sp(PS): linear regression modeling with spline fit propensity score adjustment. BART: Bayesian additive regression tree.
F I G U R E S 2 Comparisons of root mean square error (RMSE), and median absolute error (MAE) of the ATE Estimates by Different Methods Across Different Sample Sizes under the Simulation Setting 1b : U i ∼ N (0, 0.15), U 0i ∼ N (0, 1), σ 2 0 = 0 1 Propensity score estimated using logistic regression on l og i t A ∼ X . 2 Propensity score estimated using logistic regression on l og i t A ∼ X 1/3 . GPMatch: Bayesian structural model with Gaussian process prior. QNT_PS: Propensity score sub-classification by quintiles. AIPTW: augmented inversed probability of treatment weighting; LM: linear regression modeling Y ∼ X ; LM_PS: linear regression modeling with propensity score adjustment. LM_sp(PS): linear regression modeling with spline fit propensity score adjustment. BART: Bayesian additive regression tree. 
